In this study we present a numerical investigation of steady states, onset of oscillatory instability, and slightly supercritical oscillatory states of an axisymmetric swirling flow of a Newtonian incompressible fluid in a cylinder, with independently rotating top and bottom. The first part of the study is devoted to the influence of co-and counter-rotation of the bottom on the steady vortex breakdown, which takes place in the well-known problem of flow in a cylinder with a rotating top. It is shown that weak counter-rotation of the bottom may suppress the vortex breakdown. Stronger counter-rotation may induce a stable steady vortex breakdown at relatively large Reynolds numbers for which a vortex breakdown does not appear in the case of the stationary bottom. Weak corotation may promote the vortex breakdown at lower Reynolds numbers than in the cylinder with the stationary bottom. Stronger corotation leads to the detachment of the recirculation zone from the axis and the formation of an additional vortex ring. The second part of the study is devoted to the investigation of the onset of oscillatory instability of steady flows. It is shown that the oscillatory instability sets in due to a Hopf bifurcation. The critical Reynolds number and the critical frequency of oscillations were calculated as a function of the rotation ratio ͑ϭ⍀ bottom /⍀ top ͒ for a fixed value of the aspect ratio ␥ ͑height/radius͒ of the cylinder ␥ϭ1.5. The stability analysis showed that there are several most unstable linear modes of the perturbation that become successively dominant with a continuous change of . It is shown that the oscillatory instability may lead to an appearance and coexistence of more than one oscillating separation vortex bubble.
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I. INTRODUCTION
Vortex breakdown in a cylinder with a rotating top was discovered experimentally by Vogel 1 and has been intensively studied experimentally [2] [3] [4] [5] and numerically. [6] [7] [8] [9] [10] [11] [12] The vortex breakdown observed in this system is characterized by the sudden appearance of a weak meridional recirculation ͑also called ''separation vortex bubble''͒ near the axis of the cylinder. It was shown by Gelfgat et al. 11 that the appearance of the vortex breakdown in this flow is not caused by instability, and that with the increase of the Reynolds number the separation vortex bubble appears and disappears along a continuous branch of the steady solution.
The influence of weak co-and counter-rotation of the bottom of the cylinder on the vortex breakdown was studied experimentally by Roesner 3 and Bar-Yoseph et al. 4 It was shown that weak corotation of the bottom may promote a separation vortex bubble in a flow without meridional recirculation. Conversely, weak counter-rotation of the bottom may suppress an existing separation vortex bubble and change the meridional flow to a single-vortex state. A similar effect of the co-and counter-rotation on the vortex breakdown was observed by Bar-Yoseph et al., 13 Bar-Yoseph, 14, 15 and Bar-Yoseph and Kryzhanovski 16, 17 in the polar region between rotating spheres.
A numerical study by Valentine and Jahnke 18 was devoted to a particular symmetric case when the top and the bottom corotate with the same angular velocity. It was shown 18 that such corotation leads to the detachment of the recirculation zone from the axis and the formation of up to four vortex rings, two above and two below the plane of symmetry. This result is in agreement with the experiments of Spohn et al., 19 who investigated the flow in a cylinder with rotating bottom and a stress-free surface at the top. To compare both results one should associate the stress-free boundary of the experimental setup 19 with the horizontal plane of symmetry of the mathematical model. 18 Lopez 20 investigated the transition from the steady to the oscillatory state for ␥ϭ3 in the case when the top and the bottom corotate with the same angular velocity ͑ϭ1͒. Parametric investigation of the oscillatory instability in this case for the interval 1р␥р3 was done recently by Gelfgat et al. 21 The independent rotation of the bottom is characterized by the ratio of angular velocities ϭ⍀ bottom /⍀ top ͑rotation ratio͒. If ͉⍀ top ͉у͉⍀ bottom ͉, varies in the interval Ϫ1рр1. Otherwise, the cylinder may be turned over such that top and bottom replace each other, implying that Re and are replaced by Re and 1/. The experiments of Roesner 3,4 were done for ͉͉р0.1. The numerical analysis of Valentine and Jahnke, 18 Lopez, 20 and Gelfgat et al. 21 was carried out mainly for ϭ1. Flows corresponding to other values of were not studied.
The stability of steady flows in the cylinder with rotating top and stationary bottom ͑ϭ0͒ was studied by Gelfgat et al. 11 for aspect ratio 1р␥р3.5. It was shown that the appearance and disappearance of the vortex breakdown is not connected with the stability of the flow. It was also shown a͒ that for ␥р3 the oscillatory instability sets in as a result of an axisymmetric supercritical Hopf bifurcation, and that the oscillatory instability may promote the oscillatory vortex breakdown in cases for which the steady vortex breakdown is not found.
The present study is devoted to the analysis of the effect of co-and counter-rotation on steady flows and on the onset of oscillatory instability. The analysis is carried out for the whole interval Ϫ1рр1.
An investigation of the suppression of the vortex breakdown by the counter-rotation of the bottom shows that the higher the cylinder ͑the larger the aspect ratio͒ the weaker the counter-rotation necessary to eliminate a recirculation zone from the flow. It is also shown that the counter-rotation may stabilize the steady flow and induce a stable steady vortex breakdown at relatively large Reynolds numbers, for which in the case of stationary bottom there exists an unstable steady state without a vortex breakdown.
In the case of corotation it is shown that the separation vortex bubble, characteristic for ϭ0, and the vortex ring, characteristic for ϭ1, continuously transform one into the other when is continuously varied between 0 and 1. It is also shown that weak corotation induces the vortex breakdown at lower Reynolds numbers than for ϭ0.
The stability of steady states was studied for a fixed value of the aspect ratio ␥ϭ1.5. The steady flows considered remain stable up to the onset of the oscillatory instability, which takes place due to the Hopf bifurcation. The instability may set in with the increase of the Reynolds number Re or with the change of the rotation ratio . The main results of the stability analysis are presented in stability diagrams plotted in the plane ͑,Re͒. The dependence of the critical frequency of oscillations on the rotation ratio is also reported. It is shown that the oscillatory instability may be caused by different most unstable linear modes that become dominant for different parameter values. Examples of patterns of the most unstable linear modes are reported, together with the patterns of the flow at critical values of parameters. Possible reasons that may cause the onset of the instability are discussed.
Slightly supercritical states of the flow were calculated using the finite volume method for the solution of the full unsteady Navier-Stokes equations. A numerical solution of the full unsteady problem was used to verify results of the linear stability analysis and to investigate the oscillatory states of the flow.
II. FORMULATION OF THE PROBLEM AND NUMERICAL TECHNIQUE
The axisymmetric flow of an incompressible Newtonian fluid with kinematic viscosity * in a cylinder of radius R* and height H*, with top and bottom rotating with angular velocities ⍀ top * and ⍀ bottom * is considered. The flow is described by the momentum and continuity equations in a cylindrical system of coordinates (r,,z At the axis of the cylinder ͑0рzр␥, rϭ0͒ the boundary conditions of an axisymmetric flow are
on the cylindrical wall ͑0рzϽ␥, rϭ1͒,
on the rotating top of the cylinder ͑0рrϽ1, zϭ␥͒,
and on the rotating bottom of the cylinder ͑0рrϽ1, zϭ0͒,
Here Reϭ⍀ top * R* 2 /* is the Reynolds number, ϭ ⍀ bottom * /⍀ top * is the rotation ratio, and ␥ϭH*/R* is the aspect ratio of the cylinder. ͓Note that some authors define ␥ϭH*/(2R*).͔
The problem ͑1͒-͑6͒ was solved numerically using the Galerkin spectral method for the calculation of steady states and linear stability analysis, and using the finite volume method for the calculation of steady and oscillatory states. The Galerkin method is formulated for globally defined basis functions that satisfy all the boundary conditions and the continuity equation. The basis functions are constructed as linear superpositions of Chebyshev polynomials with the help of symbolic computations. The finite volume method is of the second order in space and time. It is based on the SIMPLE algorithm 22 and three-levels approximation of the time derivative. 23 The finite volume grids are stretched such that the nodes are condensed near the axis, the top, the bottom, and the sidewall of the cylinder. A detailed description of the numerical algorithms and test calculations is reported in Refs. 11 and 12.
The spectral Galerkin method allows a sufficient decrease of the number of degrees of freedom used by a numerical method, which makes it possible to calculate steady states and to analyze their stability within the framework of the same numerical model. To analyze the linear stability of steady states the governing equations were linearized in the vicinity of a steady solution and the spectrum of the linearized problem was calculated and analyzed. The instability of the flow was indicated by the change of sign of the real part of the dominant eigenvalue ⌳ ͑the eigenvalue with the largest real part͒. The change of the sign takes place with the increase of the Reynolds number or with the change of the rotation ratio. The critical values of the Reynolds number Re cr and of the rotation ratio cr , for which Real͑⌳͒ϭ0, were calculated. In all the cases considered it was found that at the critical values of parameters Im͑⌳͒ 0 and ‫ץ/ץ͑‬ Re͓͒Real͑⌳͔͒ 0, which indicates that the instability sets in due to Hopf bifurcation ͑see Refs. 24 and 25 for details͒. This means that the circular frequency of the flow oscillations in the vicinity of ReϭRe cr may be estimated as cr ϭIm͑⌳͒. The eigenvector corresponding to the dominant eigenvalue ⌳ϭi cr describes the most dominant perturbation, which causes the onset of instability. Since the eigenvector is a complex function and is defined within multiplication by a complex constant, its modulus is used to describe the dominant perturbations. Note that for slightly supercritical oscillatory flows the isolines of the amplitude of oscillations coincide with the isolines of the modulus of the perturbation. The dominant perturbation of the considered flow is described by the perturbations of the meridional streamfunction ͓v r ϭ(1/r)(‫ץ/ץ‬z͒, v z ϭϪ(1/r)(‫ץ/ץ‬r)͔ and of the azimuthal moment M ϭrv . In the following text these perturbations are called perturbation of the meridional component of the flow and perturbation of the azimuthal component of the flow, respectively.
The numerical technique was completely verified in Refs. 11 and 12 for the case ϭ0, for which a large amount of experimental and numerical data is available for comparison. [2] [3] [4] [5] [6] [7] [8] [9] [10] In the case 0 only the experimental results of Roesner 3 and the numerical results of Valentine and Jahnke 18 and Lopez 20 may be used for qualitative comparison with the results obtained here. The results obtained for 0 were validated in three ways: ͑1͒ it was ensured that further increase of the number of the Galerkin modes does not lead to significant quantitative changes in steady flows or critical parameters; ͑2͒ the steady solutions obtained with the Galerkin method were compared with those obtained by the finite volume method using stretched grids up to 100ϫ100 nodes; and ͑3͒ the numerical solution of the full unsteady problem allowed us to localize the critical Reynolds numbers and to estimate critical frequencies, and then the critical parameters obtained by the two independent numerical approaches were compared. The steady states discussed in Sec. III A were calculated using 30ϫ30 basis functions for the Galerkin method and a 75ϫ75 stretched grid for the finite volume method. The stretching was the same as in Gelfgat et al. 11 The stability analysis was done with the number of basis functions varying from 30ϫ30 to 40ϫ40. The number of nodes for the unsteady calculations varied from 75ϫ75 to 200ϫ200. The details of the test calculations and of the dependence of the critical parameters on the discretization are discussed in the Appendix.
III. MAIN RESULTS

A. Steady states 1. Counter-rotating bottom
The change of the meridional flow with the continuous increase of the counter-rotation ͑decrease of from ϭ0 to ϭϪ1͒ is shown in Fig. 1 for the case ␥ϭ1.5, Reϭ1500. One can see that weak counter-rotation eliminates the separation vortex bubble that exists at ϭ0. The separation bubble disappears when the angular velocity of the counterrotating bottom exceeds 3% of the angular velocity of the top ͑ϭϪ0.03,Ϫ0.05͒. This is in qualitative agreement with the experimental results of Roesner.
3,4 A further increase of the counter-rotation ͑decrease of ͒ up to ϭϪ0.2 leads to the appearance of a meridional vortex in the lower corner of the cylinder ͑ϭϪ0.2͒. Another recirculation region attached to the bottom appears with an additional decrease of ͑ ϭϪ0.4͒. When the rotation ratio reaches the value ϭϪ0.5 the two regions attached to the bottom join and form one counterclockwise recirculation region ͑ϭϪ0.5͒. This region grows with the increase of the counter-rotation, while the upper clockwise recirculation region becomes smaller ͑ varying from Ϫ0.7 to Ϫ1͒. Both clockwise and counterclockwise recirculation regions become antisymmetric when reaches the value ϭϪ1. bottom eliminates both bubbles. In the case of ␥ϭ2 ͑Fig. 2͒ the upper separation bubble disappears when reaches the value Ϫ0.02, and the lower one is suppressed when ϭϪ0.04. When the aspect ratio is larger, even weaker counter-rotation is sufficient to eliminate the separation vortex bubbles. Thus, in the case ␥ϭ2.5 the upper and the lower separation bubbles disappear at ϭϪ0.005 and Ϫ0.01, respectively ͑Fig. 3͒. The patterns of meridional flows for a further increase of the counter-rotation are similar to those illustrated in Fig. 1 for ␥ϭ1.5.
When the Reynolds number is higher ͑Reϭ3800, ␥ϭ1.5; Fig. 4͒ the influence of the counter-rotation on steady flows is different. In the case of rotating top and stationary bottom ͑ϭ0͒ the steady state does not contain the separation vortex bubble and it becomes unstable at much lower Reynolds number Re cr Ϸ2700. The counter-rotation of the bottom leads to the appearance of a separation vortex bubble at ϷϪ0.1 in an unstable steady flow ͑Fig. 4, ϭϪ0.13͒. The size of the separation bubble increases with the increase of the counterrotation up to ϷϪ0.3 ͑ϭϪ0.13, Ϫ0.17, and Ϫ0.3͒. With a further decrease of the size of the separation bubble increases ͑ϭϪ0.3 and Ϫ0.4͒, and it merges with the counterclockwise recirculation region. Referring to the stability diagram in Fig. 10͑a͒ below, one can see that at Reϭ3800 the steady states Ϫ0.134ррϪ0.127 and Ϫ0.350ррϪ0.225 are stable, while other states are unstable. Thus in Fig. 4 the steady states at ϭϪ0.13 and Ϫ0.3 are stable, the other states are unstable. This shows that at this Reynolds number, at which without counter-rotation ͑ϭ0͒ there is no vortex breakdown and the flow is unstable, a moderate counterrotation ͑ϭϪ0.13͒ induces a vortex breakdown and stabilizes the flow.
Corotating bottom
The effect of increasing corotation of the bottom is illustrated in Figs. 5-7 for ␥ϭ1.5 and different values of Re. Figure 5 ͑Reϭ800͒ shows that with a rotating top and stationary bottom ͑ϭ0͒ there is no vortex breakdown. Corotation of the bottom leads to the appearance of a separation vortex bubble in the flow when reaches the value ϭ0.2. This is also in qualitative agreement with the experimental results of Roesner. 3, 4 The size of the separation bubble increases with the increase of the corotation ͑ϭ0.2-0.5͒. The increasing corotation of the bottom induces a counterclockwise recirculation region that appears in the lower corner of the cylinder ͑ϭ0.1͒ and grows with the increase of ͑from 0.1 to 0.5͒. When becomes close to 1, the meridional flow tends to become antisymmetric with respect to the midplane of the cylinder. This leads to the appearance of the second separation vortex bubble ͑ϭ0.8, 0.9͒. The meridional flow becomes antisymmetric at ϭ1 and contains two antisymmetric separation bubbles that are attached to the axis.
Strong corotation may promote the vortex breakdown, even at significantly lower Reynolds numbers. This is illustrated in Fig. 6 for ␥ϭ1.5 and Reϭ400. The separation vortex bubble appears when reaches the value of ϭ0.9. At ϭ1 the meridional flow contains the antisymmetric vortex breakdown similar to that shown in Fig. 5 for ϭ1 .
The influence of corotation on a flow that has a vortex breakdown at ϭ0 is slightly different ͑Fig. 7͒. With the increase of the separation vortex bubble grows and moves downward, such that at ϭ0.4 the boundary of the recirculation zone is attached to the bottom. Two separation bubbles in the antisymmetric flow at ϭ1 are detached from the axis and form two antisymmetric vortex rings. The continuous change of shape of the recirculation zone in Fig. 7 shows that the ''usual'' vortex breakdown at ϭ0 and the vortex breakdown that is detached from the axis at ϭ1 are the results of the same vortex breakdown phenomenon and continuously transform one into another with the continuous change of .
The appearance and evolution of the antisymmetric vortex breakdown for different Re in the case when the top and the bottom rotate with the same angular velocities ͑ϭ1͒ is shown in Fig. 8 for ␥ϭ1.5. Two antisymmetric separation vortex bubbles appear when the Reynolds number reaches a certain value ͑Reϭ400͒. With the increase of Re the size of the separation bubbles grows ͑Reϭ600͒. With a further increase of Re, the upper and the lower stagnation points on the axis of the cylinder move toward the middle stagnation point at rϭ0, zϭ␥/2 ͑Reϭ600, 700, and 800͒. When the Reynolds number becomes larger, the three stagnation points coincide and the recirculation zones detach from the axis ͑Reϭ1000͒. Figure 9 shows the effect of corotation on the steady flow that contains two separation vortex bubbles at ϭ0. With a weak increase of the corotation both separation bubbles grow ͑ϭ0.02͒ until the two recirculation zones merge ͑ϭ0.03͒ and form a relatively large single separation vortex bubble ͑ϭ0.1͒. The recirculation region initiated in the corner grows with the increase of the corotation ͑ varying from 0.1 to 0.4͒ until it merges with the vortex breakdown bubble, resulting in the existence of two recirculation fields ͑ϭ0.5͒. With a further increase of the flow is finally deformed, at ϭ1, into four fields, two of which are symmetric detached bubbles.
The flows calculated for ϭ1 ͑Figs. 5-9͒ are in qualitative agreement with the experimental results of Spohn et al. 19 and with the numerical results of Valentine and Jahnke.
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B. Onset of oscillatory instability
The oscillatory instability was investigated for ␥ϭ1.5 and Ϫ1рр1. It was found that the instability sets in as a result of a Hopf bifurcation 24 for all values of . The direction of bifurcation 25 was checked for ϭϪ1, 0, and 1 and was found to be supercritical.
Counter-rotating bottom
The influence of counter-rotation on the transition from steady to oscillatory flow was studied for ␥ϭ1.5. The dependence of the critical Reynolds number Re cr on the rotation ratio is shown in Fig. 10͑a͒ . Steady flows are stable below the solid curve and unstable above it. The corresponding dependence of the circular frequency of oscillations cr on is shown in Fig. 10͑b͒ . The curves Re cr ͑͒ and cr ͑͒ consist of four continuous branches corresponding to different dominant perturbations ͑different most unstable eigenmodes of the linearized problem͒. These eigenmodes become dominant at different values of the control parameters and abruptly replace each other at the points where the neutral curve Re cr ͑͒ has discontinuities in the slope. The almost vertical branch of the neutral curve Re cr ͑͒ located in the neighborhood of ϷϪ0.63 corresponds to the onset of instability with a change of rather than with the change of Re. Figure 10͑a͒ shows that the critical Reynolds number may be noticeably increased by a moderate counter-rotation. Thus, the critical Reynolds number increases from Re cr ϭ2724 at ϭ0 to Re cr ϭ3957 at ϭϪ0.27. Stronger counter-rotation leads to nonmonotonic decrease of the critical Reynolds number, which reaches the value Re cr ϭ1646 at ϭϪ1. Figure 10 also shows that the dependence Re cr ͑͒ and cr ͑͒ may be nonmonotonic and very sensitive to a small change of a control parameter, even along a continuous branch of the neutral curve. This behavior of the critical parameters was verified by straightforward solution of the full unsteady problem using the finite volume method with 75ϫ75, 150ϫ150, and 200ϫ200 stretched grids ͓Figs. 10͑a͒ and 10͑b͔͒. It is seen that the nonmonotonic behavior of the curves Re cr ͑͒ and cr ͑͒ can be reproduced also by the finite volume method. Results of both numerical methods are close when ϾϪ0.7. In the interval Ϫ1ррϪ0.7 the frequency of oscillations calculated by the finite volume method converges slowly, but with the refinement of the mesh becomes closer to the result of the spectral method.
The four branches of the curves Re cr ͑͒ and cr ͑͒ ͑la-beled I-IV in Fig. 10͒ correspond to four different modes of the perturbation. Examples of steady flows at the critical values of parameters and corresponding perturbations are shown in Fig. 11 . Each plot in Fig. 11 the isolines corresponding to ϭ0 and M ϭ0. In the case ϭϪ1, shown in Fig. 11͑a͒ , the isolines M ϭ0 and ϭ0 coincide with the midplane of the cylinder; for other values of they do not. Similar patterns of the perturbation are obtained at the next, almost vertical, branch of the neutral curve ͑branch II͒. The example is shown in Fig. 11͑b͒ . The perturbations of both functions have a global maximum on the isolines M ϭ0 and ϭ0. Generally, one can say that these branches of the neutral curve correspond to an instability that sets in at the boundary separating two distinct regions: the region of positive rotation of the fluid with its clockwise recirculation region and the region of negative rotation of the fluid with its counterclockwise recirculation region.
Examples of the perturbations characteristic for the next two branches of the neutral curve ͓Fig. 10͑a͔͒, which correspond to the intervals Ϫ0.64ррϪ0.13 ͑branch III͒ and Ϫ0.13рр0 ͑branch IV͒ are shown in Figs. 11͑c͒ and 11͑d͒ . In the case ϭϪ0.49 ͓Fig. 11͑c͔͒ the perturbation of M still has a global maximum on the isoline M ϭ0, but the largest value of the perturbation of is located inside the largest recirculation region. The pattern of the perturbation of M becomes completely different on the next branch of the neutral curve ͓Fig. 11͑d͔͒. The onset of instability along these two branches is characterized by a rapid growth of the perturbation of M along the sidewall and the bottom of the cylinder. Similar patterns of perturbations were reported by Gelfgat et al. 11 in the case of ϭ0 and varying ␥. Oscillations of the meridional flow in a slightly supercritical state are illustrated in Fig. 12 for ϭϪ0.6 . The pulsations of the meridional flow in this case ͓branch III in Fig.  10͑a͔͒ lead to the appearance of a weak separation vortex bubble that exists during approximately one-half of a period. During the other half of a period the separation bubble merges with the region of counterclockwise meridional circulation. A similar plot ͑not shown here͒ of instantaneous streamlines for a case on a different branch of the neutral curve ͓ϭϪ0.7, branch I in Fig. 10͑a͔͒ shows only a weak pulsation of both recirculation regions, without an instantaneous separation bubble.
Corotating bottom
The influence of corotation on the onset of the oscillatory instability was studied for the same aspect ratio ␥ϭ1.5. The corresponding relations Re cr ͑͒ and cr ͑͒ are shown in Figs. 13͑a͒ and 13͑b͒ . In some aspects the influence of corotation is similar to that of counter-rotation.
͑i͒ There is a part of the neutral curve, located at Ϸ0.55, which corresponds to the onset of instability with increasing of rather than with increasing of Re ͑branches VI and VIII͒. This part of the neutral curve and the corresponding part of the relation cr ͑͒ are expanded in Figs.  13͑c͒ and 13͑d͒ .
͑ii͒ A certain corotation may significantly increase the critical Reynolds number. On the whole, all the values of the critical Reynolds number for Ͼ0 are larger than the value of Re cr at ϭ0. The neutral curve Re cr ͑͒ has two sharp maxima. The first maximum corresponds to the rapid increase of Re cr from Re cr ϭ2724 at ϭ0 to Re cr ϭ3847 at ϭ0.09. The second maximum Re cr ϭ4575 is located at ϭ0.56. This is the largest value of Re cr in the whole interval Ϫ1рр1.
The nonmonotonous behavior of the curves Re cr ͑͒ and cr ͑͒ was reproduced by the solution of the full unsteady problem using the finite volume method. The number of nodes of the stretched grid varied from 75ϫ75 to 200ϫ200 ͓Figs. 13͑a͒ and 13͑b͔͒. Details of these calculations are described in the Appendix.
There exist several branches of the curves Re cr ͑͒ and cr ͑͒ corresponding to different most unstable linear modes of the steady flow ͑Fig. The patterns of the perturbations corresponding to the two branches located in the intervals 0рр0.05 ͑branch IV͒ and 0.05рр0.09 ͑branch V͒ are similar to those obtained for ϭ0 and described by Gelfgat et al. 11 Figures 14͑a͒ and 14͑b͒ correspond to the next branch of the neutral curve ͑branch VI͒, which starts at Ϸ0.1 and continues until Ϸ0.56, with a short break in the interval 0.3рр0.31 ͑branch VII͒ ͓Fig. 13͑a͔͒. The maximum of the perturbations of is located in the lower part of the main clockwise recirculation region while the maxima of the perturbation of M are located in the area where rotation is relatively weak. Comparison of Figs. 14͑a͒ and 14͑b͒ shows that with the growth of the maxima of the perturbation of M are shifted upward, together with the region where the axial distributions of M for a fixed radius reach their minimum.
Figures 14͑c͒-14͑e͒ illustrate flows and perturbations that are characteristic for strong corotation, which corresponds to the branch of the neutral curve located in the interval 0.585рр1 ͓branch X in Fig. 13͑a͔͒ . At the beginning of this branch ͓Fig. 14͑c͒, ϭ0.6͔ the perturbations of and M are strongest in the region where rotation is weak ͓the left part of Fig. 14͑c͔͒ and where the isoline ϭ0, separating clockwise and counterclockwise meridional circulations, is located. This is analogous ͑but not identical͒ to the case of strong counter-rotation shown in Figs. 11͑a͒ and 11͑b͒ . With the increase of up to ϭ1, the perturbation of is characterized by two maxima located in the clockwise and the counterclockwise recirculation regions. The pattern of the perturbation of M is very different from the previous cases and has a global maximum in the same place where the separation vortex bubbles are located. The whole structure of the flow and the perturbation become reflection symmetric with respect to the plane zϭ␥/2 at ϭ1. This leads to the conclusion that the oscillatory instability at ϭ1 sets in without a break of the reflection symmetry, which is in agreement with the result of Lopez 20 obtained for ϭ1 and ␥ϭ3 ͑␥ Lopez ϭ␥/2ϭ1.5͒. The solution of the unsteady problem by the finite volume method ͑see Fig. 18͒ also shows that the reflection symmetry is preserved in a slightly supercritical state.
The symmetric structure of the flow and the perturbation at ϭ1 allowed us to verify the result by taking into consideration one-half of the cylinder and imposing the boundary conditions of symmetry at the lower horizontal boundary. Close values of Re cr and cr were obtained for both nonsymmetric and symmetric models ͑for details see the Appendix and Table I͒ . The patterns of the flow and perturbations obtained for the symmetric model are shown in Fig. 14͑e͒ . It is seen that the patterns of the flow and the perturbations in Figs. 14͑d͒ and 14͑e͒ are similar. However, it is clear that the spatial resolution of the numerical method is much better in the symmetric case, where only one-half of the flow region is taken into consideration.
The abrupt changes of the perturbations when one dominant mode is replaced by another one are illustrated in Figs. 15 and 16. Figure 15 corresponds to the changes of the dominant mode in the neighborhood of ϭ0.3, which is seen in Fig. 13͑b͒ as the sudden jump of the critical frequency from cr ϭ0.239 to cr ϭ0.362 at ϭ0.3 and then back to cr ϭ0.243 at ϭ0.32. Figure 15 shows that patterns of the perturbations at ϭ0.29 and ϭ0.32 are similar, but are noticeably different at ϭ0.3. The instability in most of the interval 0.1рр0.56 is caused by the same mode of the perturbation ͓also see Figs. 14͑a͒ and 14͑b͔͒ , except the short interval 0.3рр0.32 where the characteristics of the instability ͑amplitude and frequency of oscillations͒ are different.
Note that at ϭ0.54 there exist three distinct critical points with different critical frequencies cr , as indicated by A, B, and C in Figs. 13͑c͒ and 13͑d͒ . The isolines of perturbations corresponding to these three points are shown in Fig.  16 . With the increase of Re ͓see Fig. 13͑c͔͒ the steady flow loses its stability at Reϭ3463, then becomes stable at Re ϭ4326 and finally loses the stability at Reϭ4632. Comparison of the perturbations plotted in Fig. 16 shows that two critical points illustrated in Figs. 16͑a͒ and 16͑b͒ belong to   FIG. 13 . Stability diagrams corresponding to the onset of oscillatory instability in a cylinder with a rotating top and a corotating bottom. Here ␥ϭ1.5. Solid lines-results of the linear stability analysis ͑Galerkin method͒. Steady and unsteady states obtained by the solution of the full unsteady problem using the finite volume method are shown by ᭝, ᭡, for a 75ϫ75 grid; ᭢, ᭢, for a 100ϫ100 grid; ᭺, ᭹, for a 150ϫ150 grid; ᮀ, , for a 200ϫ200 grid. ͑a͒ Re cr vs ; ͑b͒ cr vs , ͑c͒ Re cr vs , blowup of ͑a͒ for 0.5рр0.6; ͑d͒ cr vs , blowup of ͑b͒ for 0.5рр0.6. the same branch of the neutral curve ͓branch I in Figs. 13͑c͒ and 13͑d͔͒, while the third point belongs to another branch ͓branch II in Figs. 13͑c͒ and 13͑d͔͒ . Similar examples of the abrupt changes in the patterns of perturbations can be made for all other points, where the neutral curve Re cr ͑͒ has discontinuities in the slope, and where the relation cr ͑͒ has abrupt jumps.
Since the critical values on the branch of the neutral curve 0.57рр1 showed the slowest convergence ͑see the Appendix and Table I͒ , the results were verified by the solution of the full unsteady problem using the finite volume FIG. 14. The same as Fig. 11 . Corotation, ␥ϭ1.5. ͑a͒ ϭ0.2, Re cr ϭ3249; ͑b͒ ϭ0.4, Re cr ϭ2905; ͑c͒ ϭ0.6, Re cr ϭ4493; ͑d͒ ϭ1, Re cr ϭ3843; ͑e͒ ϭ1, Re cr ϭ3845, symmetric case. In the case ϭ0.8 ͑Fig. 17͒ the oscillations of the two main meridional recirculation regions are followed by a rapid change of the vortical structure near the axis of the cylinder. During one period of oscillations one can see the appearance and disappearance of different separation vortex bubbles. Some of these are attached to the axis and others are detached. The structure becomes more regular in the symmetric case ϭ1 ͑Fig. 18, symmetry was not imposed a priori in the computations͒. In this case two pulsating pairs of attached and detached separation vortex bubbles are clearly seen. It should be noticed that the simultaneous coexistence of the detached and attached vortex breakdowns was not observed in steady states. This leads to the conclusion that such a coexistence is a feature of the oscillatory states only.
IV. CONCLUSIONS
A weak counter-rotation of the bottom may suppress the vortex breakdown that exists in a cylinder with a rotating top and a stationary bottom. The larger the aspect ratio of the cylinder the weaker the counter-rotation necessary to suppress the vortex breakdown. On the other hand, a certain counter-rotation may induce the vortex breakdown and stabilize steady flows at relatively large values of the Reynolds number for which, in the case of the stationary bottom, no vortex breakdown exists in unstable steady states.
Weak corotation of the bottom of the cylinder leads to the appearance of vortex breakdown at lower values of the Reynolds number than in the case of a stationary bottom. Stronger corotation may lead to the detachment of the separation vortex bubble from the axis of the cylinder and formation of two vortex rings. It was shown that the meridional flow with a single separation bubble, characteristic for the case of a stationary bottom, and the meridional flow with antisymmetric separation vortex rings, characteristic for corotation of the top and the bottom with the same angular velocity, continuously transform one into the other with a continuous change of the rotation ratio.
The stability of steady flows, onset of the oscillatory instability, and slightly supercritical oscillatory states were studied for a fixed aspect ratio of the cylinder ␥ϭ1.5. It was found that the oscillatory instability sets in due to a Hopf bifurcation in all the possible cases of co-and counterrotation. It was shown that the oscillatory instability may set in, either with an increase of the Reynolds number or with a change of the rotation ratio. The corresponding stability diagrams in the plane of the control parameters ͑Re,͒ were obtained yielding also the dependence of the critical fre- quency cr on the rotation ratio. It was shown that the neutral curve Re cr ͑͒ and the curve cr ͑͒ consist of several continuous branches corresponding to several different dominant perturbations of the flow, which are defined by distinct eigenmodes of the linearized problem. Characteristic patterns of the most dominant perturbations were reported and discussed. It was found that both co-and counter-rotation of the bottom may stabilize the steady flow and significantly increase the critical Reynolds number. The strongest stabilization takes place when the rotation ratio reaches the values ϭ0.56 and ϭϪ0.27 for co-and counter-rotation, respectively.
Investigation of the slightly supercritical states showed good agreement between the results of the linear stability analysis ͑using the spectral Galerkin method͒ and the results of the numerical solution of the full unsteady problem ͑using the finite volume method͒. It was found that in the case of strong corotation the vortex breakdowns attached to and detached from the axis may exist simultaneously in slightly supercritical oscillatory states. 
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APPENDIX: DEPENDENCE OF RESULTS ON THE NUMERICAL DISCRETIZATION
The calculations of steady states do not cause any numerical difficulties. The steady states shown in Figs. 1-9 were calculated, both with the Galerkin spectral method and with the finite volume method. The number of basis functions in the Galerkin method varied from 24ϫ24 to 30ϫ30. The number of nodes in the stretched finite volume grid varied from 50ϫ50 to 100ϫ100. Comparison of results obtained with the finest discretizations showed that the calculated values of the streamfunction and the azimuthal velocity differ by less than 1%. Correct patterns of the flow were obtained also with coarser discretizations.
The critical parameters Re cr and cr calculated with different numbers of basis functions in the truncated Galerkin series are shown in Fig. 19 for the whole interval Ϫ1рр1. The largest number of the basis functions was 40ϫ40 in the Galerkin series used for the approximations of the meridional and the azimuthal components of the flow ͑see Gelfgat et al. 11 for details͒. Thus, the largest total number of degrees of freedom for the Galerkin method was 3200.
The convergence of the critical parameters for different values of the rotation ratio is shown in Table I . It was shown by Gelfgat et al. 11 that the use of 24ϫ24 basis functions in the Galerkin series gives three correct digits of the critical Reynolds number and five correct digits of the critical frequency for the case ϭ0, ␥ϭ1.5 ͑the values of Re cr and cr are reported in Table I͒ . However, the convergence for large ͉͉ is slower, especially for у0.6. The most detailed comparison reported in Fig. 19 is done for calculations with 30ϫ30 and 34ϫ34 basis functions. The results for these two discretizations coincide in the interval Ϫ0.8рр0.5. For Ϫ1ррϪ0.8 and 0.5рр0.6 the 40ϫ40 discretization gives only two correct digits of the critical parameters.
The critical values in the interval 0.6рр1 are most sensitive to discretization. It was found that there are two distinct eigenvalues in this interval, which change their signs at very close values of the Reynolds number. Two distinct curves of cr ͑͒ for 0.6рр1 are shown in Fig. 19͑b͒ . Besides this, the convergence of the critical Reynolds number is much slower than it was for smaller values of , such that for у0.7 the use of 40ϫ40 basis functions is not enough to ensure the convergence. However, with an increasing number of basis functions the intervals between sequentially obtained Re cr decrease.
More exact conclusions about the onset of instability in the interval 0.6рр1 were drawn from the solution of the full unsteady problem using the finite volume method with a 150ϫ150 stretched grid. The slightly supercritical oscillatory state at ϭ1 showed that the instability sets in without a break of the reflection symmetry with respect to the plane zϭ␥/2. This allowed us to repeat the calculations with the Galerkin method for only one-half of the cylinder and to obtain the converged values of Re cr and cr at ϭ1 ͑see Table I͒ . Further calculations with the finite volume method for ϭ0.9, 0.8, 0.7, and 0.6 showed that the critical Reynolds number is localized correctly ͓see Fig. 13͑a͔͒ , and that the perturbation with lower cr ͓see Fig. 19͑b͒ for 0 dominant. Because of this the branch with lower cr is shown by a solid line in Figs. 13͑b͒ and 19͑b͒ , and the branch with larger cr is shown by a dashed line in Fig. 19͑b͒ only.
A series of time-dependent calculations with the finite volume method was carried out to verify the rapid increase of the critical Reynolds number at ϷϪ0.63 and Ϸ0.55 ͓Figs. 10͑a͒ and 13͑a͔͒. At ϷϪ0.63 the almost vertical branch of the neutral curve, calculated by the spectral method, is well reproduced with the use of a 75ϫ75 grid ͓the corresponding Re cr is located between the symbols ᭝ and ᭡, Fig. 10͑a͔͒ . Much worse convergence was observed in the vicinity of Ϸ0.55. Thus, calculations with 100ϫ100, 150 ϫ150, and 200ϫ200 grids at ϭ0.56 and 0.57 ͓Fig. 13͑a͔͒ showed that the critical Reynolds number grows with the increase of the number of grid nodes. Using 150ϫ150 and 200ϫ200 grids we succeeded to localize the almost vertical branch of the neutral curve ͑the corresponding Re cr is located between the symbols ᮀ, ᭺ and , ᭹, Fig. 13͑a͔͒ . Compared to the almost vertical branch calculated by the spectral method, the same branch calculated by the finite volume method is shifted toward lower values of the rotation ratio ͑it is located between ϭ0.52 and ϭ0.54͒. However, as it was noticed above, in this case one cannot be sure of the convergence of the finite volume method.
Slow convergence of the finite volume method was also observed near points where the neutral curves Re cr ͑͒ have breaks in the slope and an abrupt change of the critical frequency takes place ͓Figs. 10͑a͒, 10͑b͒ and Figs. 13͑a͒, 13͑b͔͒. Thus, calculations in the interval 0рр0.5 with the 75ϫ75 finite volume grid showed that the corresponding critical parameters are close to those calculated by the spectral method almost everywhere, except near break points at ϭ0.08 and 0.32. For example, at ϭ0.08 the frequency of oscillations obtained on a 75ϫ75 finite volume grid does not agree with the result of the spectral method ͓Fig. 13͑b͔͒. To obtain the correct result, which agrees with the converged calculations of the spectral method, it was necessary to use 150ϫ150 nodes ͓Fig. 13͑b͔͒. At the same time the results of the calculations using 75ϫ75 nodes at ϭ0.05 and ϭ0.1 are in good agreement with the results of the spectral method.
A slow convergence of the frequency of oscillations calculated by the finite volume method was observed also in the interval Ϫ1ррϪ0.7 ͓Fig. 10͑b͔͒. However, a comparison of results obtained using the 100ϫ100, 150ϫ150, and 200 ϫ200 nodes shows that with the refinement of the mesh the values of the critical frequency become closer to those calculated by the spectral method.
